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We transfer here basic univariate Lyapunov inequalities to the multivariate setting of a
shell by using the polar method.
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1. Background
Let A be a spherical shell⊆ RN ,N > 1, i.e. A := B(0, R2)− B(0, R1), 0 < R1 < R2.
Here we have the ball
B(0, R) := {x ∈ RN : |x| < R},
R > 0, where | · | is the Euclidean norm, and also
SN−1 := {x ∈ RN : |x| = 1}
is the unit sphere in RN with surface area
ωN := 2π
N/2
Γ (N/2)
,
i.e. ∫
SN−1
dω = 2π
N/2
Γ (N/2)
,
where Γ is the gamma function.
For x ∈ RN − {0} one can write uniquely x = rω, where r > 0, ω ∈ SN−1; see [1], pp. 149–150. Here r = |x| > 0 and
ω = xr ∈ SN−1.
For F ∈ C(A)we have∫
A
F(x)dx =
∫
SN−1
∫ R2
R1
F(rω)rN−1dr

dω. (1)
In particular A = [R1, R2] × SN−1.
Here we deal with partial differential equations (PDE) involving radial derivatives of functions on A, using the polar
coordinates r, ω.
If f ∈ Cn(A), n ∈ N, then for a fixed ω ∈ SN−1, f (·ω) ∈ Cn([R1, R2]).
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2. Results
We nowmention the famous Lyapunov [2] inequality.
Theorem 1. If x(t) is a nontrivial solution of
x′′(t)+ q(t)x(t) = 0, (2)
where q ∈ C([a, b]), with x(a) = x(b) = 0, and x(t) ≠ 0 for any t ∈ (a, b), then∫ b
a
|q(s)|ds > 4
b− a . (3)
We give our first multivariate Lyapunov inequality, the first in the literature:
Theorem 2. If f ∈ C2(A) is a nontrivial solution of the PDE
∂2f (x)
∂r2
+ q(x)f (x) = 0, ∀x ∈ A, (4)
where q ∈ C(A), with
f (∂B(0, R1)) = f (∂B(0, R2)) = 0,
and f (x) ≠ 0 for any x ∈ A, then∫
A
|q(x)|dx > 8π
N/2RN−11
Γ (N/2)(R2 − R1) . (5)
Proof. One can rewrite (4) as
∂2f (rω)
∂r2
+ q(rω)f (rω) = 0, ∀(r, ω) ∈ [R1, R2] × SN−1, (6)
where q(·ω) ∈ C([R1, R2]),∀ω ∈ SN−1, such that
f (R1ω) = f (R2ω) = 0, ∀ω ∈ SN−1. (7)
Also f (rω) ≠ 0, for any r ∈ (R1, R2),∀ω ∈ SN−1.
So for a fixed ω ∈ SN−1 by (3) we get
4
R2 − R1 <
∫ R2
R1
|q(rω)|dr =
∫ R2
R1
r1−N rN−1|q(rω)|dr
≤
∫ R2
R1
rN−1|q(rω)|dr

R1−N1 . (8)
That is∫ R2
R1
rN−1|q(rω)|dr > 4R
N−1
1
R2 − R1 , (9)
∀ω ∈ SN−1, and∫
SN−1
∫ R2
R1
rN−1|q(rω)|dr

dω >

4RN−11
R2 − R1

2πN/2
Γ (N/2)

, (10)
which by (1) proves (5). 
Remark 3. It was noticed by Wintner [3] that in ((3)) we can replace |q(s)| by
q+(t) = max{0, q(t)} = q(t)+ |q(t)|
2
,
the nonnegative part of q(t).
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The same can happen in (5), that is we have∫
A
q+(x)dx >
8πN/2RN−11
Γ (N/2)(R2 − R1) . (11)
We need the 1999 Parji–Panigrahi [4] result:
Theorem 4. Let x(t) be a nontrivial solution of
x′′′ + q(t)x = 0, (12)
with x(a) = x(b) = 0, where a, b ∈ Rwith a < b, consecutive zeros, and x(t) ≠ 0 for t ∈ (a, b). If there exists a d ∈ (a, b) such
that x′′(d) = 0, then∫ b
a
|q(s)|ds > 4
(b− a)2 . (13)
We give a theorem:
Theorem 5. If f ∈ C3(A) is a nontrivial solution of the PDE
∂3f (x)
∂r3
+ q(x)f (x) = 0, ∀x ∈ A, (14)
where q ∈ C(A), with f (∂B(0, R1)) = f (∂B(0, R2)) = 0, and f (x) ≠ 0 for any x ∈ A, and if there exists a d ∈ (R1, R2) such that
∂2f (∂B(0,d))
∂r2
= 0, then∫
A
|q(x)|dx > 8π
N/2RN−11
Γ (N/2)(R2 − R1)2 . (15)
Proof. One can rewrite (14) as
∂3f (rω)
∂r3
+ q(rω)f (rω) = 0, ∀(r, ω) ∈ [R1, R2] × SN−1, (16)
where q(·ω) ∈ C([R1, R2]),∀ω ∈ SN−1, such that
f (R1ω) = f (R2ω) = 0, ∀ω ∈ SN−1.
Also f (rω) ≠ 0, for any r ∈ (R1, R2),∀ω ∈ SN−1.
Furthermore there exists d ∈ (R1, R2) such that ∂2f (dω)∂r2 = 0,∀ω ∈ SN−1.
So for a fixed ω ∈ SN−1 by (13) we get
4
(R2 − R1)2 <
∫ R2
R1
|q(rω)|dr =
∫ R2
R1
r1−N rN−1|q(rω)|dr
≤
∫ R2
R1
rN−1|q(rω)|dr

R1−N1 . (17)
That is∫ R2
R1
rN−1|q(rω)|dr > 4R
N−1
1
(R2 − R1)2 , (18)
∀ω ∈ SN−1, and∫
SN−1
∫ R2
R1
rN−1|q(rω)|dr

dω >

4RN−11
(R2 − R1)2

2πN/2
Γ (N/2)

, (19)
which by (1) proves (15). 
We need the 2003 result of Yang [5]:
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Theorem 6. Suppose that n ∈ N, q(t) ∈ C([a, b]). If there exists a d ∈ (a, b) such that x(2n)(d) = 0, where x(t) is a solution of
the following differential equation:
x(2n+1) + q(t)x = 0, (20)
satisfying x(i)(a) = x(i)(b) = 0, i = 0, 1, . . . , n− 1, x(t) ≠ 0, t ∈ (a, b), then∫ b
a
|q(s)|ds > n!2
n+1
(b− a)2n . (21)
We give a theorem:
Theorem 7. Suppose that n ∈ N, q ∈ C(A). Suppose that there exists a d ∈ (R1, R2) such that ∂2nf∂r2n (∂B(0, d)) = 0, where f is a
solution of the PDE
∂2n+1f (x)
∂r2n+1
+ q(x)f (x) = 0, ∀x ∈ A, (22)
satisfying ∂
if
∂r i
(∂B(0, R1)) = ∂ if∂r i (∂B(0, R2)) = 0, i = 0, 1, . . . , n− 1, and f (x) ≠ 0 for any x ∈ A.Then∫
A
|q(x)|dx > 2
n+2πN/2RN−11 n!
Γ (N/2)(R2 − R1)2n . (23)
Proof. One can rewrite (22) as
∂2n+1f (rω)
∂r2n+1
+ q(rω)f (rω) = 0, ∀(r, ω) ∈ [R1, R2] × SN−1, (24)
where q(·ω) ∈ C([R1, R2]),∀ω ∈ SN−1, such that for a d ∈ (R1, R2)we have ∂2nf (dω)∂r2n = 0,∀ω ∈ SN−1.Furthermore it holds that
∂ if
∂r i
(R1ω) = ∂
if
∂r i
(R2ω) = 0, ∀ω ∈ SN−1,
i = 0, 1, . . . , n− 1, with f (rω) ≠ 0, for any r ∈ (R1, R2),∀ω ∈ SN−1.
So for a fixed ω ∈ SN−1 by (21) we get
n!2n+1
(R2 − R1)2n <
∫ R2
R1
|q(rω)|dr =
∫ R2
R1
r1−N rN−1|q(rω)|dr
≤
∫ R2
R1
rN−1|q(rω)|dr

R1−N1 . (25)
That is∫ R2
R1
rN−1|q(rω)|dr > n!2
n+1RN−11
(R2 − R1)2n , (26)
∀ω ∈ SN−1, and∫
SN−1
∫ R2
R1
rN−1|q(rω)|dr

dω >

n!2n+1RN−11
(R2 − R1)2n

2πN/2
Γ (N/2)

, (27)
which by (1), proves (23). 
We need the 2010 result of Cakmak [6], which follows.
Theorem 8. Suppose that n ∈ N, n ≥ 2, q(t) ∈ C([a, b]). If the differential equation
x(n) + q(t)x = 0, (28)
has a solution x(t) satisfying the boundary value problem x(a) = x(t2) = · · · = x(tn−1) = x(b) = 0, where a = t1 < t2 <
· · · < tn−1 < tn = b and x(t) ≠ 0, for t ∈ (tk, tk+1), k = 1, 2, . . . , n− 1, then∫ b
a
|q(s)|ds > (n− 2)!n
n
(n− 1)n−1(b− a)n−1 . (29)
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We give a theorem:
Theorem 9. Suppose that n ∈ N, n ≥ 2, q ∈ C(A). Suppose that the PDE
∂nf (x)
∂rn
+ q(x)f (x) = 0, ∀x ∈ A, (30)
has a solution f satisfying the boundary value problem
f (∂B(0, R1)) = f (∂B(0, t2)) = · · · = f (∂B(0, tn−1)) = f (∂B(0, R2)) = 0, (31)
where R1 = t1 < t2 < · · · < tn−1 < tn = R2, and f (tω) ≠ 0,∀ω ∈ SN−1, for any t ∈ (tk, tk+1), k = 1, 2, . . . , n− 1.
Then∫
A
|q(x)|dx >

(n− 2)!nnRN−11
(n− 1)n−1(R2 − R1)n−1

2πN/2
Γ (N/2)

. (32)
Proof. The proof is similar to those of our earlier theorems in this work and based on Theorem 8. 
We need another 2010 result of Cakmak [6], which follows.
Theorem 10. Let us consider the following boundary value problem:
x(2n) + q(t)x = 0, (33)
x(2i)(a) = x(2i)(b) = 0, i = 0, 1, . . . , n− 1. (34)
If x(t) is a solution of (33) satisfying x(t) ≠ 0 for any t ∈ (a, b), then∫ b
a
|q(s)|ds > 2
2n
(b− a)2n−1 . (35)
We finish with another theorem:
Theorem 11. Let us consider on A the following boundary value problem:
∂2nf (x)
∂r2n
+ q(x)f (x) = 0, ∀x ∈ A, (36)
∂2if
∂r2i
(∂(B(0, R1))) = ∂
2if
∂r2i
(∂(B(0, R2))) = 0, (37)
i = 1, 2, . . . , n− 1.
If f ∈ C2n(A) is a solution of (36) satisfying f (x) ≠ 0 for any x ∈ A, then∫
A
|q(x)|dx >

22n+1RN−11
(R2 − R1)2n−1

πN/2
Γ (N/2)

. (38)
Proof. The proof is based on Theorem 10. 
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